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Stokes vectors and Discrete Wigner functions (DWF) provide two alternate ways of represent-
ing the polarization state of multiphoton systems. The Stokes vector associated with a n-photon
polarization state is unique, and its Minkowski squared norm provides a direct way of quantifying
entanglement through n-concurrence. However, the quantification of entanglement from DWF is not
straight forward. The DWF associated with a given quantum state is not unique but depends on
the way in which basis vectors are assigned to various lines in the phase space. For a Hilbert space
of dimension N , there exists NN+1 such possible assignments. While a given DWF corresponds
to a unique Stokes vector, the converse is not true. In the present work, we show that, for each
particular assignment called a quantum net, there exist a unique Hadamard matrix which relates
the Stokes vector to the corresponding DWF. This method provides an elegant and direct method of
constructing the DWFs from the Stokes vector for every possible choice of the quantum net. Using
these results, we derive the relationship between the Stokes vector of a spin-flipped state and the
DWF. Finally, we also present a method to express the Minkowskian squared norm of the Stokes
vector directly in terms of the DWF.
PACS numbers: 03.65.Ta, 03.67.Mn, 42.79.Ta.
I. INTRODUCTION
In quantum optics, the quantum state of multiqubit
systems can be variedly represented through the den-
sity matrix, Stokes vector and Discrete Wigner functions
(DWFs). Of these, the density matrix is by far the most
widely used and techniques for entanglement detection
and quantification are defined in terms of this represen-
tation [1–6]. However, Stokes vectors and the DWFs are
equally valid representations of the state and are both
amenable to direct measurements [7–10]. Stokes vec-
tors have the advantage that a entanglement measure
for multiqubit state called the generalized concurrence
can be defined[11, 12]. This measure is basically re-
lated to the Minkowski squared norm of the Stokes vec-
tor. Wigner functions are phase space representations
of the state which find extensive applications in quan-
tum optics. Discrete Wigner functions are real valued
and normalized functions defined over a lattice and find
applications in quantum computation, teleportation and
the tomographic reconstruction of qubit systems. In the
present work, we are interested in deriving a direct rela-
tionship between a general n-qubit Stokes vector and the
DWF, circumventing the need to compute the density
matrix as an intermediate step. In doing so, we confront
the fact that the representation of the state through the
DWF is not unique, but the Stokes vector is. The po-
larization state of a photon is represented by the Stokes
vector with four parameters, related to the total intensity
and difference in the intensities associated with measure-
ments using three complementary basis sets. In quan-
tum mechanical terms, they are related to the expecta-
tion values of Pauli operators with respect to the state ρ.
∗ gr@igcar.gov.in
DWFs which are discrete analogues of continuous Wigner
functions,[13, 14] and have several alternate formulations
[15–18]. The present work is based on the construction
by Wootters[19–21] and Gibbons et al[22]. In Wootters’
construction, the DWF of a d-dimensional system is set of
real numbers (not necessarily positive) defined over a d×d
lattice. As will be described later, the numbers associated
with each of the points is obtained from outcome prob-
abilities of projective measurements using different basis
sets. Since the definition of both Stokes vectors and DWF
involve probabilities of measurement outcomes, the rela-
tionship between the two quantities need careful inves-
tigation. Conventionally, the computation of the Stokes
vector of the given DWF involves some arduous calcula-
tions. To appreciate this fact, let us consider the defi-
nitions of the DWF and Stokes vectors in terms of the
density matrix : The density matrix may be defined by
ρ =
∑
WαAα, where Wα are the DWF elements and Aα
are self-adjoint operators associated with each point of a
discrete lattice. For polarization states of a n-photon sys-
tem, there areN2 phase space points, whereN = 2n, and
so the reconstruction of ρ involves the addition of N2 ma-
trices weighted by the DWF element associated with each
point. Once the density matrix is constructed, the corre-
sponding Stokes vector is calculated using the expression
Si1..in =
1
2nTr(ρσi1⊗σi2⊗...⊗σin). Since the density ma-
trix, DWF and the Stokes vector are all related through
linear transformations, such a circuitous procedure can
be avoided if a prescription is provided for computing
the Stokes vector parameters from the DWFs and vice
versa. In this article we develop such a procedure which
also addresses the issues related to the choice of quan-
tum net alluded to earlier. Earlier work of M.Holmes and
P.K.Aravind shows that, for a given DWF there exists a
Hadamard matrix which transforms it to the correspond-
ing Stokes vector, but the form of the Hadamard trans-
2formation for different quantum nets is not provided[23].
To the best of our knowledge, the general prescription
for obtaining this invertible transformation for a n-qubit
system and its dependence on the quantum net are ab-
sent in the literature. For a discrete phase space of di-
mension N , there exists NN+1 possible quantum nets.
For each quantum net, there is a unique Hadamard ma-
trix that transforms the DWF to the Stokes vector. Since
these Hadamard matrices are invertible, we show that the
DWF can be computed from the Stokes vector as well.
Finally, we discuss some interesting features associated
with the spin flip operation. Bipartite Concurrence and
its multipartite generalizations are important entangle-
ment measures[3, 11, 12]. For n-qubit systems, we define
a family of Hadamard matrices SnH , such that for each
Hadamard matrix H , there exists a unique Hadamard
matrix H˜ that takes any given DWF to the Stokes vec-
tor corresponding to the spin flipped state ρ˜. Our article
is arranged as follows: In section II we provide a brief
introduction to the DWF construction of Wootters and
Gibbons et al. In section III-A, for transparency, we illus-
trate our method for a single qubit system and generalize
the same for a multiqubit system in III-B. In III-C, we
discuss the procedure for obtaining the Stokes vector for
the spin-flipped state. Derivation of Minkowski squared
norm in terms of the DWF is presented in Section IV. We
conclude the paper in Section V with some brief remarks.
II. DISCRETE WIGNER FUNCTION
There are many constructions available to generalize
Wigner functions to discrete dimensional quantum sys-
tems. Here we briefly discuss the one introduced by
Wootters. For quantum systems defined in a Hilbert
space of dimension N , the discrete “phase space” is a
N × N array of points. Like the continuous case, the
horizontal and vertical axes are associated with two non-
commuting observables. For example, in the discrete
array associated with single photon polarization states,
the horizontal and the vertical axes are associated with
Pauli’s Z andX operators. The points in the phase space
are labelled by the elements of the finite field FN . Since
this finite field exists only for prime or the power of prime
dimensions, the DWF is defined only for such cases. For
composite systems, we can define a basis for the field
elements, and express all the elements of the field as:
q =
∑
i
qiei, where q ∈ FN , qi ∈ Fr and ei is the element
of the basis, B = {e1, e2, ..., en}. Once the basis for the
horizontal axis is fixed, then the basis for the vertical
axis can be uniquely defined. It is easy to see that the
discrete phase space has the structure of an Euclidean
space. In this space, we may define a line as a set of N
points subject to the the the equation aq+bp = c. Paral-
lel lines are lines that have the same a and b but different
c. Since parallel lines never intersect, they do not have a
common point and non-parallel lines share a single point.
There are N(N + 1) lines in discrete phase space which
can be grouped into set of N + 1 parallel lines. The set
of parallel lines are called striations, and each striation is
associated with an observable. The lines in the striations
are associated with the eigenvectors of this observable.
We define translational operators in phase space Tˆ(α,β),
whose action on a line results in translating every point
in that line by amount (α, β). In all, there are N2 such
translational operators and for a given striation there are
N −1 translational operators which leave the lines in the
striation invariant. The common eigenvectors of these
N − 1 translational operators forms a basis which can be
associated with the lines in that striation. In total, N+1
orthonormal basis sets are available which are mutually
unbiased. Mutually unbiased basis sets (MUBs) being
defined thus:
Orthonormal basis sets B1 = {|v1〉, |v2〉, ..., |vn〉} and
B2 = {|u1〉, |u2〉, ..., |un〉} are mutually unbiased if
|〈vj |uj′〉|2 = 1
N
Each line is associated with a pure state represented
by a rank one projector Q(λji ), where λ
j
i refers to j
th line
in the ith striation. The sum of DWF elements along
a given line λji is equal to the expectation value of the
projector Q(λji ) =
∣∣∣λji〉〈λji ∣∣∣:
∑
α∈λ
Wα = Tr(ρQ(λ))
The discrete Wigner element at the point α is then
Wα =
1
N
[∑
λ∋α
Tr(ρQ(λ))− 1
]
This equation can be simplified as
Wα =
1
N
(ρAα) (1)
where the Aα are the phase space point operators
Aα =
∑
λ∋α
Q(λ)− I (2)
These operatorsAα are self-adjoint and have unit trace
with Tr(AαAβ) = Nδαβ.
III. DERIVATION OF RESULTS
A. One qubit system
Any one qubit system can be represented using the
2× 2 identity matrix and the Pauli matrix as the basis
ρ = [s0I + ~s.~σ]
3Table I. DWFs W I , WX , W Y and WZ of the 2× 2 identity
matrix and Pauli matrices σX , σY , σZ respectively.
A
1
2
1
2
D
1
2
1
2
I H V
A −
1
2
−
1
2
D
1
2
1
2
X H V
A −
1
2
1
2
D
1
2
−
1
2
Y H V
A
1
2
−
1
2
D
1
2
−
1
2
Z H V
which may be written as
ρ =
3∑
i=0
siσi (3)
Each element of the Stokes vector is given by si =
1
2Tr(σiρ), where σi’s are the Pauli matrices, i ∈ [0, x, y, z]
The column vector with coefficients si as entries is known
as the Stokes vector, i.e., ~S = (s0, s1, s2, s3)
T .
Using the phase space point operators as the basis and
DWFs as the weighting factor one can also express the
density matrix as
ρ =
∑
α
WαAα (4)
Thus, the Stokes vector and the DWF are character-
ized by four real parameters. From Eq (3) and Eq (4),the
difference between these two representations is the follow-
ing: Each element in the Stokes vector is reconstructed
by the difference in the intensities or the probabilities
in three mutually unbiased basis sets. In the case of the
DWF, projective measurements yield only the sum of the
DWF elements associated with a line and not the individ-
ual entries. Hence, to obtain the value of a single element,
three projective measurements would be required.
For a one qubit system, the horizontal and vertical axis
are associated with Pauli’s σZ and σX operators respec-
tively. The finite field elements F2 = {0, 1} are used to
label the points in this discrete 2×2 “phase space”. Lines
in the horizontal axis are associated with the eigenvec-
tors of the σZ operators denoted by |H〉 and |V 〉. Lines
in the vertical axis are associated with the eigenvectors
of the σX operators denoted by |D〉 and |A〉. Finally
the diagonal lines are associated with the eigenvectors of
the σy operators |R〉 and |L〉. The assignment of these
eigenstates to the lines in the phase space is not unique.
Each possible assignment is known as a quantum net.
To facilitate further analysis we now represent the set of
Wigner elements {W00,W01,W10,W11} by a column vec-
tor W = (W00,W01,W10,W11)
T . Denoting the DWF of
the Pauli matrices σ0, σx, σy and σz by W
I , WX , WY
and WZ respectively the DWFs of the Pauli’s operators
take the form shown in Table I.
From Table I, it is clear that each element of the DWF
of the Pauli matrices is 12 multiplied by some phase factor.
If U and V are the DWF of the two operators ρU and
ρV , then
Tr(ρUρV ) = 2
∑
α
UαVα (5)
Therefore, the Stokes vector S can be represented using
this fact by,
S0 =
∑
α
W IαWα
Sx =
∑
α
WXα Wα (6)
Sy =
∑
α
WYα Wα
Sz =
∑
α
WZα Wα
Using the Eq (6)and the DWF of the Pauli operators
from the Table I, the Stokes vector can be expressed as
S0 =
1
2
∑
α
Wα
Sx =
1
2
∑
ij
(−1)jWij (7)
Sy =
1
2
∑
ij
(−1)iWij
Sz =
1
2
∑
ij
(−1)i⊕jWij
where ⊕ is addition modulo two. If the DWF is repre-
sented as a column vector, then Eq (7) can be simplified
as 

S0
Sx
Sy
Sz

 = 12


1 1 1 1
1 −1 1 −1
1 −1 −1 1
1 1 −1 −1




W00
W01
W10
W11

 (8)
S = HW (9)
where H is a constant times a Hadamard matrix. This
Hadamard matrix depends on the choice of the quan-
tum net used to represent the Pauli operators as given
in table-I. For the one qubit system, there are 8 possible
quantum nets. So that, for each quantum net, there is
one Hadamard matrix that takes the DWF to the corre-
sponding Stokes vector. The equation given above can
be rewritten as

S0
Sx
Sy
Sz

 = 12


W00 +W01 +W10 +W11
W00 −W01 +W10 −W11
W00 −W01 −W10 +W11
W00 +W01 −W10 −W11

 (10)
Since the sum of the Wigner elements along a line is
associated with the probabilities Eq (10) can be written
as


S0
Sx
Sy
Sz

 = 12


1
P (+)− P (−)
P (R)− P (L)
P (H)− P (V )

 (11)
4This is a well known equation for reconstructing the
general polarization state of the photon using over-
complete measurements. The phase factors in Eq (7)
may change for different quantum nets, however they re-
sult in the same probabilities. This transformation given
in Eq (8) is invertible and therefore the DWF is readily
constructed from the Stokes vector as

W00
W01
W10
W11

 = 12


1 1 1 1
1 −1 1 −1
1 1 −1 −1
1 −1 −1 1




S0
Sx
Sy
Sz

 (12)
W = H−1S (13)
This step is crucial, because when we find the DWF
associated with the given Stokes vector, we should specify
what quantum net we are using for the reconstruction
of the DWF. This information about the quantum net
gets embedded in the form of the resulting Hadamard
matrix used for the transformation. In the next section
we generalize this method to n-qubit systems. For the n
- qubit system there are NN+1 quantum nets with one
Hadamard matrix for each quantum net.
B. N-qubit system
General n-photon polarization states may be described
using the generalized Pauli matrices as basis,
ρ =
3∑
i1...in=0
Si1...inσi1 ⊗ σi2 ⊗ ...⊗ σin (14)
and the n-photon Stokes parameters can be calculated
as
Si1...in =
1
2n
Tr(ρσi1 ⊗ σi2 ⊗ ...⊗ σin) (15)
LetW be the DWF of ρ and U i1...in be the DWF of the
operator σi1 ⊗σi2⊗ ...⊗σin . Then the Stokes parameters
are directly computed from the DWFs of the n-photon
polarization state and the generalized Pauli matrices by
Si1...in =
∑
α
WαU
i1...in
α (16)
The DWF elements of the generalized Pauli matrices
are ± 12n . Therefore from Eq (16), the generalized Stokes
parameters can be written using the DWF as
Si1...in =
1
2n
∑
α
(−1)f(α)Wα (17)
If the elements of the DWF of the n-photon polar-
ization state are arranged as a column vector, then the
corresponding Stokes vector can be calculated using the
Hadamard matrices by
S = HW (18)
Here, the N2 × N2 dimensional Hadamard matrix is
weighted by the factor 1
N
, where N = 2n. As in the
single qubit case, the inverse of this Hadamard matrix
transforms the Stokes parameter to the corresponding
DWF. For the n-qubit system, we now define the set of
all Hadamard matrices SnH containing N
N+1 elements as
SnH =
{
H(1), H(2), . . . , H(NN+1)
}
(19)
where H(k) refers to the Hadamard matrix associated
with the kth quantum net.
C. Spin flip operation for n-qubit systems
Spin flip is an important symmetry operation in the
fields quantum information and quantum computation.
On a single qubit represented as a point on the Poincaré
sphere, spin flip takes the point to one anti-podal to it.
Since this operation is an involution symmetry opera-
tion involving complex conjugation, it cannot be realized
experimentally. Nevertheless it is an essential tool for
entanglement detection and its quantification. For mul-
tiphoton polarization states, the spin flip operation is
defined as ρ˜ = σ⊗ny ρ
∗σ⊗ny , where the ∗ operation stands
for complex conjugation in the computation basis and σy
the Pauli matrix. We may note here that spin flip is an
antiunitary operation[24]. In a recent work we proved
that the spin flip operation can be performed on a DWF
of the multiqubit systems through a Hadamard transfor-
mation which is independent of the quantum net[25]. If
W and W˜ are the DWF (arranged as a column vector)
of the state and the spin flipped state respectively, of the
n-qubit system, then W˜ can be calculated from W by
W˜ = TW (20)
where T is the Hadamard matrix that is different from
one that used to transform DWF to the Stokes vector.
Therefore T does not belong to the set SnH . From Eq (18)
we can write the Stokes vector of the spin flipped state
as
S˜ = HW˜ (21)
Using Eq (20), one can directly calculate S˜ from the
given DWF W by
S˜ = HTW
It is important to note here that, H ∈ SnH , but,
T /∈ SnH . However, the product HT is always the ele-
ment from the set SnH . We denote this new element by
H˜ = HT . Interestingly we find, that for a given H(k),
H˜(k) is obtained by flipping each state associated with
the quantum net Qi. Therefore in the set SH for every
H , there exists one unique H˜ which transforms a DWF
to its spin flipped Stokes vector.
5IV. MINKOWSKY SQUARED NORM OF AN
N-QUBIT STATE IN TERMS OF THE DWF
For a n - photon polarization states the multiphoton
Stokes parameters can be defined as follows
Si1i2...in =
1
2n
Tr(ρσi1 ⊗ σi2 ⊗ ...⊗ σin) (22)
where ρ is the multiqubit density matrix and σi’s are
the Pauli matrices. For this Stokes parameter Si1i2...in
we can define a Stokes scalar
S2(n) =
1
2n
[(S0...0)
2−
n∑
k=1
3∑
ik=1
(S0...ik...0)
2
−
n∑
k,l=1
3∑
ik,il=1
(S0..ik...il...0)
2
− ...+ (−1)n
3∑
i1,i2,....,in=1
(Si1....,in)
2]
For a n - photon polarization states this Stokes scalar
is invariant under SLOCC and it is a O0(1, 3) group in-
variant length[11]. This Stokes scalar is also called the
Minkowskian squared norm. This Minkowskian squared
norm of the Stokes tensor is related to the corresponding
density matrix ρ and its spin flipped density matrix ρ˜ by
S2(n) = Tr(ρρ˜) = Tr(R)
where R = ρρ˜ is used quantify the entanglement of the
n - qubit systems S2(n). For two qubit systems, concur-
rence can be calculated from the eigenvalues of R matrix.
Therefore the quantity S2(n) = Tr(ρρ˜) is very useful in
calculating the n-concurrence of the multiqubit system.
Here, we show that we can calculate the n-concurrence
of the system, C2(|ψ >) = S2(n) directly for a given dis-
crete Wigner function. To compute the n-concurrence
we use the fact, if ρ and σ are two different states and
W and V are the corresponding DWFs, then, Tr(ρσ) =
N
∑
α
WαVα. So in this case, the pure state concurrence
can be written as C(|ψ >) =
√
Tr(ρρ˜) =
√
N
∑
α
WαW˜α.
Using the column vector notation for the DWF, concur-
rence can be calculated as
C(|ψ >) =
√
NWT W˜ =
√
NWTHW (23)
If W is the DWF of the pure two qubit system, then
concurrence can be calculated directly from the given two
qubit DWF by the relation, C(|ψ >) = 2
√
WTHW .
The relation between the multipartite entanglement
measure S2(n), mixedness of the state M(ρ) and the mea-
sure of spin flip symmetry of the state is given by
S2(n) +M(ρ) = I(ρ, ρ˜) (24)
where M(ρ) = 1 − Tr(ρ2) = 1 −∑
α
W 2α and I(ρ, ρ˜) =
1 − D2HS(ρ − ρ˜) can also be defined as the measure
of the indistinguishability of the state from its spin
flipped state, where D2HS(ρ − ρ˜) =
√
1
2Tr [(ρ− ρ˜)2] is
the Hilbert-Schmidt distance between state and its spin
flipped counterpart[12]. For a pure multiqubit states,
M(ρ) = 0, from Eq (23) and Eq (24) it is clear that
S2(n) = I(ρ, ρ˜) = NW
THW (25)
Therefore for a pure multiqubit systems the entangle-
ment measure S2(n) and I(ρ, ρ˜) are equal and this can be
calculated directly from the multiqubit DWF using Eq
(25).
V. CONCLUSIONS
Each of the different representation of the quantum
state of multiphoton systems brings with it certain ad-
vantages. Though these representations are related
through linear transformations, the physical insights and
computational advantages provided by one is not readily
translated in terms of the other. For continuous quan-
tum systems, the representation of the state by Wigner
functions provides a clear-cut distinction between classi-
cal and quantum states of light. The Wigner function
for the former are positive but the latter can be nega-
tive. Phase-space representation of the such states pro-
vide deep insights into quantum interference effects. In
the case of discrete multiqubit systems, the relationship
between different representations is little explored. The
representation of multiqubit system through density op-
erators provides, atleast for pure states, the tools to dis-
tinguish between separable and entangled states. Entan-
glement measures are also defined in terms of the density
operators. In optics, the Stokes vector, both the classi-
cal and quantum versions, provides a direct experimental
means of measurement. The less prevalent DWF too has
proved to be useful in the context of quantum compu-
tation, stabilizer codes for error correction and so forth.
Whenever optical qubits are used in the case of quan-
tum information or quantum computation, it is useful
to understand the relationship between these representa-
tions. The present paper was an attempt at examining
such an inter-relationship. He we have exhibited the ex-
istence of a simple relationship between the DWF and
the Stokes vector. The two were shown to be related
through a Hadamard matrix which can be computed for
any choice of quantum net used for the construction of
the DWF. Thus, the prescription for obtaining the com-
plete set SH of Hadamard matrices associated with every
choice of the quantum net was provided.Thus, indepen-
dent of the measurement context under which data was
obtained, the present results enable us to easily switch
between one representation and the other. It was further
shown that the spin-flipped Stokes vector can be obtained
6through a Hadamard matrix which itself member of the
set SH .
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